Introduction
Two phases can be distinguished in the working cycle of the urinary bladder: the collection phase (in which the urine produced by the kidneys is collected in the bladder) and the evacation phase (in which the urine collected is expelled via the urethra). The bladder is dominated by different properties (both passive and active) in these two phases. By passive properties is understood to mean those properties which do not involve energy production by metabolism, while active properties do.
The purpose of this investigation is to describe, quantitatively, in physical terms, the passive properties of the urinary bladder in the collection phase. These properties can be described in terms of a volume-pressure relationship. The volume and pressure interact via the bladder wall. A certain volume V of fluid in the bladder strains the bladder wall to a certain degree.
The strain e is defined as:
where Io is the original length (1) and/is the strained length of an imaginary piece of bladder wall. The straining of the wall causes a stress a in the wall, which, in turn, determines a pressure depending on the geometry of the bladder. This set of causal relations is illustrated in the model of Fig. 1 . We shall investigate the functions of the various blocks of this model in separate sections.
Since bladder-wall tissue is a nonlinear viscoelastic material, which means that the output signal of the wall block depends on time as well as viscous element to a stepwise straining is a monoexponentially decaying stress (CooLSArT et al., 1975b) .
Since one exponential term does not fit the measured curves adequately, the mechanical model is expanded with extra elements in parallel, each element consisting of a viscous and an elastic element in series (CHRISTENSEN, 1971) . A nondecaying component represented by a single spring in parallel with the above must also be introduced. The stress resulting from a strain step can then be described as:
n=l Generally we will use a model with three exponential terms and a constant as shown in Fig. 2 ; the arguments for this are discussed in Section 2.3. If we measure the step response of a strip of bladder wall and fit the results with a sum of a number of exponential terms plus a constant, we obtain the coefficients a. and relaxation constants 7, as parameters.
Introducing the tissue volume V. we can relate a.
"~i t ge~ ~-~i t wall olv, geometry :" P I Fig. 1 Model of the urinary bladder in the collection phase on strain or length (JAMISON et ak, 1968) , the wall block is split up into two subblocks describing these dependencies separately. In Section 5 the properties of all blocks will be combined to yield one complete model. 
Theory
The time-dependent behaviour of the urinary bladder wall can be investigated by experiments on isolated strips of bladder wall (CoOLSAET et al., 1975b) .
The total time-dependent behaviour can be determined in one measurement, and at one strain level, by straining these strips stepwise and observing the stress response (CooLSAET et al., 1976) . It is known that the urinary bladder wall has viscous as well as elastic properties (HILL, 1926; AXELSSON, 1970; ALEXANDER, 1971; APTER et al., 1972) . 
The viscosity moduli r/. can be obtained from the relaxation constants y,. However, in order not to combine the standard deviations of coefficients and relaxation constants in our calculations, we will use the elastic moduli and relaxation constants as fundamental parameters. For our description of the fundamental time-dependence of the stress-strain relationship, only the relaxation constants are relevant.
Methods
Dog-and pig-bladder strips measuring about 10 x 20 mm were strained stepwise using a pneumatic strain device (CooLSAET et aL, 1976) . The strips were immersed in a physiological solution which was constantly perfused, aerated with 95~ 02 and 5~o CO2 and kept at 37~ The measured force was digitised and fed directly into a Texas Instruments 980B minicomputer.
Experiments were performed using a number of different physiological solutions (CoOLSAET et al., 1977) , but only two of these are relevant here: (i) A modified Krebs solution (~BERG and AXELS-SON, 1965 ), which we used as standard solution; this is called the 'natural' solution below. (ii) A solution used to reduce the influence of the active properties of the tissue. For pig bladders EGTA was used (COOLSAET, 1977) , for dog bladders D 600 (MAYER et al., 1972) . In all cases, the time that elapsed between the death of the animal and the start of the experiment was about one hour.
The original length 1o was determined by allowing the strip to stretch under the weight of the lower clamp (mass ~-13 g) for about 1 s. The measurement cycle consisted of a step to a constant strain of 0"30 maintained for 1000 s followed by 20min rest at zero strain. About 10 measurements were taken from each strip. The curves measured were fitted with a multiexponential model using the stepwise approximation method described by van MASTRIGT (1977b) and discussed by KuLg (1976) and VAN MASTmGT (1977C) .
The separation of a signal into exponentials is a very awkward problem (LANCZOS, 1956) . A number of models and methods were tested ( VAN MAST~GT, 1977a) as alternatives to the computational method used here, but none of them turned out to be successful.
Results
The basic shape of the force-time curve obtained resembles that of Fig. 3 . Pig-bladder strips and sometimes also dog-bladder strips when investigated in the natural solution show a spontaneous rhythmic activity which is simply added to the curve.
When D 600 or EGTA was used, spontaneous activity was not observed. To determine experimentally the order of the system under investigation, i.e. the number of exponentials which should be used or, the value of k in eqn. 2, the EGTA group of curves was fitted with an increasing number of exponential terms. The results can be seen in Fig. 4 .
From the flattening off of the average sum of least squares at k = 4 we can conclude that the order of the system is four. This has been confirmed with the aid of an F-test. However, some curves can obviously be fitted adequately with three exponentials (see Fig. 4 , curve S 600) while others require at least five exponentials (Fig. 4 , curve S 604). In fact, we shall use three exponentials and a constant to avoid 'overfitting' of curves like S 600. Table 1 shows the average relaxation constants and standard deviations determined for a number of measurements. Variance analysis was used to split the variance of the relaxation constants into two components. The first component is related to the differences between measurements on one strip,
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Fig. 3 Force as a function of time response to stepwise straining of a b/adder-wall strip
and is called the physiological spread. The second component concerns differences between strips and is called the biological spread 9 The corresponding standard deviations are shown in Table 1 for the groups 'dogs, natural' and 'pigs, EGTA'. The lower standard deviations in the latter group are clearly caused by a lower biological spread.
We can conclude tentatively from this, that large differences between strips are probably caused by active properties only. The group 'pigs, EGTA, increasing strain' contains measurements at increasing strains between 0"2 and 1"6. From the fact that the standard deviations in this group are not significantly larger than those in the corresponding group measured at constant strain, we conclude that the relaxation constants are independent of strain. In order to test for homogeneity and isotropy, series of measurements were performed on pairs of strips taken from the same urinary bladder, but with their longitudinal axes at right angles 9 These measurements are shown in the last two rows of Table 1 . No significant differences between the values measured could be found by Student's t test or a Wilcoxon symmetry test.
3 Length-dependent behaviour of the bladder wall 3 9 Pulse measurements 3.1.1 Theory: In contrast to the relaxation constants, the elastic moduli do depend on the amplitude of 
where Icl is the amplitude of the applied strain. It turned out that when the elastic moduli were repeatedly determined at one strain level, they generally decreased; this was ascribed to a gradual increase in the rest length 10 ( CooLSAET et al., 1976) .
To incorporate this behaviour in our mechanical model, we added a plastic element r/o in series with the parallel combination of Fig. 2 . The resetting of the plastic element is thought to be an active process, symbolised by an element C (see Fig. 5 ). Since the observed trends in the elastic moduli were always similar, we assume that the relative elastic moduli (the elastic moduli divided by the sum of the elastic moduli) are constant. 
n=O
We call e, the relative elastic moduli and Ele[ the elastic modulus function. The relative elastic moduli are independent of strain and can thus be determined from stepwise measurements. Table 2 contains average values of the measured relative elastic moduli and their standard deviations. The strain varied between 0" 2 and 1.6 The results of measurements performed on strips cut at different angles from the urinary bladder are shown in the bottom two rows of Table 2 .
Here student's t test showed significant differences (p < 0.05); but the Wilcoxon symmetry test did not. We conclude that there is a marginal lack of isotropy and homogeneity. The elastic modulus function cannot be reliably determined from the step-response measurements since here the increase in 1o affects the results.
However, since we only need to know the initial height of the step-responses to determine this function, we can restrict our straining to very short periods, so that the increase in lo will be insignificant.
3.1.2 Methods: Strips were repeatedly strained for 625 ms at intervals of 62-5 s, using the pneumatic strain device mentioned in Section 2.2. During each strain pulse the resulting force was sampled four times. The average was taken as a measure of the response to the strain level in question, and will be called the 'average peak force' from now on, Strips from the posterior wall of pig bladders were used in an EGTA solution and the initial length was determined as described in Section 2' 2.
3.1.3. Results: The reproducibility of our method was tested by applying a series of strain pulses of amplitude 0"30. Since successive measurements tended to yield significantly lower responses, we concluded that the influence of the t/o element was still too large. When pulses at two different strain levels were alternated, we found that the absolute differences between these peak forces were very reproducible as long as the two strain levels were not too far apart (~<0.3).
Using this information, a measurement series
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e/e involving increasing strain pulses with added correction pulses was designed. The elastic modulus function was computed as a function of strain according to eqn. 3 from the average peak forces measured in this way. In Fig. 6 the dots represent the values thus calculated. A monoexponential function:
turned out to fit the measured data very well (Fig. 6 , full line). We shall call IEI~ the elastic coefficient, and ,81 the elastic exponent.
Ten measurements'were performed on strips of bladder wall from seven different bladders. The parameters determined are shown in Table 3 . The dynamic measurements described in Section 3.1.3. could not be performed at strains higher than 1-6 because the forces involved would damage the strip. Since the elastic moduli may deviate from a monoexponential function at high strains (VAN MASTRIGT et al., 1977d) , we investigated the elastic moduli or modulus at high strains by quasi-static measurements, which yield lower forces. The error involved due to the influence of the dashpots can be estimated from the relaxation constants, which yields about 10~ using the data of Section 3.2.2. When the viscous effects can be ignored and the influence of the active element is reduced by EGTA, the model reduces to the Eo spring in series with the % element.
Methods:
The pneumatic strain device mentioned in Section 2.2 was modified so that the strip could be strained at a constant speed by slowly paying out a steel wire, using an infusion pump.
Table 4.
Unless otherwise specified, the speed used was 1.66xI0-Sm/s. This means that full extension of the strip (50 ram) was reached in about 50 min. Force was plotted against length and elastic modulus against strain using a Hewlett Packard point plotter, while both curves were also plotted semilogarithmically 9
Parts of the curves could be fitted with a monoexponential curve using a least-squares criterion. Strips from the posterior wall of pig bladders were again used in an EGTA solution, and initial length was determined as described in Section 2.2.
Results:
In the first experiments strips were extended up to 50 mm once at constant speed. The force-length plot showed sudden drops after an initial smooth rise and an irregular pattern of increasing and decreasing force at high strains. These high-strain phenomena were ascribed to the 'flow' of the plastic element r/o. To obtain reliable measurements of the elasticity involved, a series of quick-release experiments was performed, in which the strip was extended at constant speed up to a certain force, quickly released to force zero, and then extended again at the original speed up to a higher force. The resulting force-length plot is shown in Fig. 7 . It is interesting that the envelope of these curves shows the same pattern as mentioned above; however, the individual curves rising to the envelope are quite smooth and reproducible. We interpret this by assuming that the plastic element r/o implies some threshold force. When the threshold force (which in these experiments equals the force at which the element last ceased to flow) is exceeded, plastic flow begins. The repeated ascending curves up to the enveloping ~plastic flow' curve would thus seem to represent elastic properties at different strains. The last two or three ascending curves from each set of measurements (depending on how close together the curves were) were fitted with a monoexponential. The results can be seen in Table 4 . Note the very high standard deviation of the elastic coefficient, which is caused by the elongation of the r/0 element. Variance analysis applied to the data showed that the differences between strips (biological spread) was significantly greater by F-test than the differences within strips (physiological spread). Note furthermore the significant difference between the value of the elastic exponent found here and that found in Section 3-1. We conclude that at high strains the elastic modulus function shows a different slope than at low strains; thus we represent the elastic modulus function by a 2-exponential expression:
F(N) B-q4B
Finally, it should be noted that although we expected a viscoelastic relaxation of about 10~o upon stopping the straining of the strip at these low strain speeds, as mentioned in Section 3.2.1, in fact a relaxation of about 50~o was seen. This might be an indication that the time-dependent behaviour of the strip is nonlinear. This unexpected behaviour can probably be described more adequately using a continuous relaxation model instead of a discrete model. Future research on this topic is called for.
Geometry of the urinary bladder 4.1 Theory
In this Section we will consider the two geometry blocks of Fig. 1 . Our basic assumption will be that the urinary bladder is a thick-walled hollow sphere (OSBORNE and SUTHERLAND, 1909; MATSUMOTO and LA GRANGE, 1973) .
The first geometry block, relating volume to strain, can then be described as follows:
where 11o is the 'unstrained' volume of the bladder. As far as the second geometry block, relating stress to pressure, is concerned, LAM~ (1852, p. 212) gives a relationship for a linearised thick-walled sphere, which can be simplified ( VAN MASTRIGT, 1977a) to:
This relationship can also be obtained by simply calculating the balance of force over two hemispheres (MATSUMOTO and LA GRANGE, 1973; COOLSAET et al., 1975a) . If we take Vt < O" 1 x V, which is generally a fairly realistic assumption, the total error introduced by simplifying the original relation is about 10~,
Methods
Eqn. 9--for the first geometry block--and eqn. 10---for the second--can both be tested by measuring the pressure-volume relationship of a bladder, quasistatically calculating the stress-strain relationship of the wall block from the results, and then measuring this stress-strain relationship directly on a strip of bladder wall.
Since quasistatic measurements on bladder wall are rather time-consuming, we performed the measurements on a rubber balloon which showed negligible viscosity.
The balloon was connected to the catheter and to the rest of the apparatus described in Section 5, and was submerged in water. We calculated the stress and strain for each measured set of volume and pressure values, and hence the elastic modulus, using the relationship:
The reason for the factor 2 here is that we strain the material in all directions in the surface and not only in one as is the case with strips. It can easily be shown (see FRANK, 1906, or BRODV and QUIGLEY, 1948) that in the linear case this yields a multiplicative factor of (l/l-p), where p equals Poisson's ratio which we assume to be 0" 5 (V, is constant). The elastic modulus was also obtained from measurements on a strip from the wall of the balloon, using the equipment described in Section 2. In both cases (total balloon and strip) measurements were first made for a small increment in strain and then for a similar decrease, and the average of the two measured values was used.
Results
Measurements were made on three balloons. Fig. 8 shows the pressure as a function of volume for the balloon as a whole. The average values of the elastic modulus for all measurements are tabulated in Table 5 . We see that the standard deviation of the elastic moduli is significantly larger for the measurements on strips than for those on the balloon as a whole which means that the measured curve for strips shows a trend. The relatively small differences between the elastic moduli calculated from strip measurements and whole balloon measurements indicate that our geometry models are reasonably accurate.
Evaluation of total bladder model

S. 1 Theory
Our overall bladder model can be obtained by combining all the blocks considered above; see Fig. 9 . In this section we will test the entire model by comparing the results of measurements on whole bladders with the predicted responses. First, we consider cystometry, which involves quasistatic filling of the bladder yielding a pressurevolume plot called a cystometrogram. With a very slow ramp as input (strain) signal, the model (see Fig. 5 ) reduces to the Eo spring in combination with the r/o element. Assuming that the r/0 element cannot follow the ramp at the low stress caused by the Eo spring alone, we can write for the time-dependent properties of the wall cr = 2~Eo .........
(see eqn. 11).
Inserting the relation for the other blocks, we obtain: (of which two are even combinations) out of the 14 parameters which define our bladder model (Vo, Vt, eo, ej, e2, ea, 71, 72, 73, IEI1, IEI2, fl~, f12, r/o) .
However, if we apply a stepwise volume change to the urinary bladder (COOLSAEX et al., 1973) we obtain from one measurement the relaxation constants 71, ~2, ~'3 and the relative elastic moduli e0, e~, e2, e3. To evaluate these values we have to know the tissue volume Vt. So eight parameters are needed to describe one stepwise measurement using our model. If we measure the initial volume 1to and if we perform several measurements on one bladder at convenient strain levels, a correction as was used in Section 4 for pulse measurements can be applied. We can then also determine the elastic modulus function--only at low strains, however (because at high strains the fast straining would yield too high a pressure); this yields IEI 1 and ill. This means 11 parameters are needed to describe the results of more than one stepwise measurement. In practice, since displacement of a volume of fluid always takes time, the volume change cannot be considered as stepwise even at very high filling rates. The calculated coefficients of the multiexponential decay function will thus be too low. The coefficients of slower exponentials can be corrected, but for high strains the coefficient of the fastest exponential becomes so small that our model reduces to a 2-exponential one.
Methods
Experiments were performed on female mongrel dogs under continuous intravenous pentobarbital anaesthesia. Dogs were used because dog bladders show less spontaneous activity (see Section 2). Most experiments were performed with an open abdomen in order to avoid the influence of the abdominal wall.
A double lumen catheter was introduced into the bladder. The bladder was filled with physiological saline at 37~ at a rate of 10 cm 3/s, via one channel. The pressure in the bladder was measured via the other channel. The electrical pressure signal was punched on paper tape at intervals of ls for 15 min. The initial volume of the bladder was determined by slowly filling it with a syringe. About 10 measurements were performed on each animal at intervals of fifteen minutes. The results were analysed as described in Section 2.2. After the end of the measurements the bladder was extirpated for determination of the tissue volume.
Results
As expected, the dog bladders showed very little spontaneous activity. Table 6 shows the average relaxation constants and their standard deviations as determined from measurements on seven dogs. These are in very good agreement with the relaxation constants measured on strips.
As all measurements were made at a rather low strain, the experimental curves could be fitted with three exponential functions. It was not possible to draw any conclusions about the elastic modulus function, as the measurements were not performed in an order which permitted correction for the increase in rest length. However, the relative elastic moduli were still reproducible. These are shown in Table 7 , and compare well with the values measured in vitro.
As in the case of strips, we see that the relative elastic moduli are more reproducible than the relaxation constants. The average initial volume was found to be 30 ml with a relative standard deviation of 67 ~ and the average tissue volume was 26 ml, with a relative standard deviation of 54 70, for the seven bladders. As there is a high correlation between these two quantities (correlation coeff• 0.87), it would probably be sufficient to measure only one in practice. adequately. An alternative method for testing the passive properties of the urinary bladder in the collection phase is proposed.
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Conclusions
It may be concluded that dog urinary bladders show mainly passive properties in the collection phase. Pig bladders show more active properties, but the passive properties can be described adequately in terms of the model represented by Figs. 5 and 9 and eqns. 9, 10, 8 and 11. The following assumptions were made in establishing this model: (a) All parameters which reflect properties of the bladder wall in our model are independent of the place where, and the direction in which they are measured (isotropy and homogeneity) (b) The relaxation constants, and elastic moduli relative to their sum are constant, which implies a linear time-dependence (c) The tissue volume of the wall is constant (d) The urinary bladder is spherical
